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Full Diversity Blind Signal Designs for Unique
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Abstract—In this paper, we develop two kinds of closed-form
decompositions on phase-shift-keying (PSK) constellations by exploiting linear congruence equation theory: the one for factorizing
a pq-PSK constellation into a product of p- and q-PSK constellations and the other for decomposing a specific complex number
into a difference of a point in p-PSK constellation and a point
in q-PSK constellation. With this, we present a novel and simple
signal design technique to blindly and uniquely identify frequency
selective channels with zero-padded block transmission by only
processing the first two block received signals. In a noise-free
case, a closed-form solution to determine the transmitted signals
and the channel coefficients is obtained. In a Gaussian noise and
Rayleigh fading environment, we prove that our scheme enables
full diversity for the generalized likelihood ratio test (GLRT)
receiver. When only finite received data are given, the linearity
of our signal design allows us to use iterative sphere decoders to
approximate GLRT detection so that the joint estimation of the
channel and symbols can be efficiently implemented.
Index Terms—Blind modulation and blind unique identification, coprime phase-shift-keying (PSK) constellations, frequency
selective channels, full diversity, linear congruence equations.

I. I NTRODUCTION

I

N THIS paper, we are interested in wireless communication systems having a single transmitting antenna and a
single receiving antenna that transmit data through a frequencyselective fading channel. The systems that we consider alleviate
the intersymbol interference produced by the channel by transmitting the data stream in consecutive equal-size blocks, which
are subsequently processed at the receiver on a block-by-block
basis. To eliminate interblock interference, some redundancy
is padded to each block before transmission. There are several
ways to add redundancy (e.g., [1] and [2]), but in this paper,
we will restrict ourselves to block-by-block communication
systems with zero-padding redundancy [1]. When the receiver
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mum likelihood (ML) detection, it was shown [3], [4] that such
a system not only enables full diversity but provides maximum
coding gain as well.
Unfortunately, perfect channel state information at the receiver, in practice, is not easily achievable. If the coherence
time is sufficiently long, then the transmitter can send training signals that enable the receiver to estimate the channel
coefficients accurately. For mobile wireless communications,
however, the fading coefficients may fluctuate so rapidly that
the coherence time may be too short to allow reliable estimation
of the coefficients. Therefore, the time cost on transmitting
training signals cannot be neglected because of the necessity of
transmitting more training signals for the accurate estimation of
the channel [5]–[7].
To get rid of having to transmit training signals, considerable
research efforts have been made to develop techniques of “blind
channel estimation” [8]–[10] recently. Basically, these techniques utilize only the received signals at the receiver to identify
and estimate the transmission channel. The essence of these
algorithms is to take advantage of the structure of the channel
and/or the property of the transmitted signals. The subspace
method is one such method exploiting the channel structure and
the second order statistics of input signals [11]–[16]. In digital
communication applications, the input signals possess finite
alphabet property such as the constant modulus for phase-shiftkeying (PSK) modulation or integers for quadrature amplitude
modulation. This property can be further exploited to reliably
estimate the channel even if the coherence time is short [8],
[17]–[24]. Thus far, to the best knowledge of the authors,
all currently available blind methods for frequency selective
fading channel estimation incur scale ambiguity and, as a
consequence, cannot identify the channel coefficients uniquely.
In addition, wireless communication applications demand the
accurate estimate of the channel as well as of the signal. To
resolve this issue, we propose a novel signaling and transmitting technique for the frequency-selective channel with zeropadded block transmission, in which neither the transmitter nor
the receiver knows the channel state information. Our main
contributions in this paper are as follows.
1) A novel modulation technique using a pair of coprime
p-PSK and q-PSK constellations is proposed to blindly
and uniquely identify frequency-selective channels with
zero-padded block transmission by only processing the
first two block received signals. In addition, a closedform solution to determine the transmitted signals and the
channel coefficients is obtained by exploiting the linear
congruence equation theory.
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2) In the Gaussian noise and Rayleigh fading environment,
we prove that our scheme enables full diversity for the
generalized likelihood ratio test (GLRT) receiver.
3) When only finite received data are given, the linearity
of our signal design allows us to utilize the iterative
least squares [14], [18]–[21], [25] with parallel sphere
decoders [26]–[35] to approximate GLRT detection so
that the joint estimation of the channel and symbols can
be efficiently implemented.
Here, we should point out that similar hybrid signaling
schemes [36]–[41] were used to eliminate the ambiguity of
the blind orthogonal space–time block codes. However, there
are the following three major differences between the work
presented in [36]–[41] and that to be developed in this paper.
1) The work in [36]–[41] mainly focused on flat fading
channels with multiple transmitter antennas and a single
receiver antenna. Specifically, the authors in [39] and [40]
utilized a hybrid binary PSK (b-PSK) and quadrature PSK
(q-PSK) signaling scheme with 1 bit as a pilot to eliminate
the ambiguity for general orthogonal space–time block
codes, whereas the authors in [36]–[38] and [41] alternatively transmitted the two Alamouti codes with a pair of
coprime PSK modulations to get rid of the ambiguity for
the flat fading channel with two transmitter antennas and
a single receiver antenna. However, the work in this paper
considers a noncoherent frequency selective channel with
a single transmitter antenna and a single receiver antenna.
For such a system, to the best knowledge of the authors,
no work has been reported in the literature so far that
deals with the unique identification of both the channel
coefficients and the transmitted signals as well as with
full diversity.
2) In spite of the fact that the work in [36]–[38] and [41]
also employed a pair of coprime PSK constellations and a
rigorous proof for the unique identification of the channel
and transmitted signal as well as for full diversity was
presented in [41], the mathematical technique developed
in [36], [38], and [41] only involves the unique product
factorization of a pair of coprime PSK constellations,
i.e., uniquely factorizing a pq-PSK constellation into a
product of p- and q-PSK constellations. In this paper,
we not only significantly simplify this property but also
develop a novel unique difference decomposition, i.e.,
uniquely decomposing an eligible complex number into
a difference of p- and q-PSK constellation symbols.
3) Combining the zero-padded block transmission with
proper coprime PSK constellation pair modulations, we
rigorously prove that the signaling scheme proposed in
this paper enables the unique identification of both the
frequency selective channel and the transmitted signals
as well as full diversity.
Here, it is worth emphasizing the fact that using a pair of
coprime PSK constellations does not necessarily enable the
unique identification of the channel and the transmitted signal
and full diversity (see more details on the comments after Theorems 1 and 2). They also depend on the way of how to transmit
signals. Different transmission schemes need different unique
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factorization properties such that the unique identification of the
channel and the transmitted signal and full diversity are guaranteed. Therefore, developing a variety of unique factorizations of
a coprime PSK constellations not only provides us with some
deep understandings of these constellations mathematically but
also gives us some theoretic guidelines of how to properly
design the corresponding transmission schemes for a general
frequency-selective multiple-input–multiple-output channel so
that the unique identification of the channel and the transmitted
signal and full diversity are assured.
In addition, despite the fact that the focus of this paper is
only on the zero-padded block transmission for the frequencyselective channel, the signal design and full diversity analysis
can be extended in a straightforward manner into the Toeplitz
space–time block-coded channel [42] in a noncoherent case.
Notation: Most notations used throughout this paper are
standard. Column vectors and matrices are boldface lowercase
and uppercase letters, respectively. The matrix transpose,
complex conjugate, and Hermitian are denoted by (·)T , (·)∗ ,
and (·)H , respectively. IN denotes the N × N identity matrix.
gcd(m, n) denotes the greatest common divisor of positive
integers m and n. Particularly when gcd(m, n) = 1, we say
that m and n are coprime integers. ϕ(n) denotes the Euler
function, i.e., the number of all positive integers that do not
exceed n and are prime to n. The (i, j)th element of matrix A
is denoted by aij .
II. C HANNEL M ODEL AND A N OVEL B LIND M ODULATION
If the channel is assumed to be of length at most L, then
the block transmission system with zero padding operates as
follows: First, L − 1 zeros are appended to s to form s , which
is of length P = K + L − 1. The elements of s are serially
transmitted through the channel. The channel impulse response
is denoted by h = [h0 , h1 , . . . , hL−1 ]T . The received signal
vector r can be represented as
r = Tc (h)s + ξ

(1)

where r is a P × 1 received signal vector, s is a K × 1 transmitted signal vector, ξ denotes the vector of noise samples at the
receiver, and Tc (h) denotes the P × K Toeplitz channel matrix
⎛
⎞
h0
0 ...
0
⎜ h1
h0 . . .
0 ⎟
⎜ .
.. ⎟
..
⎜ .
⎟
.
⎜ .
. ⎟
h1
⎜
⎟
..
..
⎜
⎟
.
.
⎜
h
h
0 ⎟
.
Tc (h) = ⎜ L−1
⎟
..
..
⎜
⎟
.
.
⎜ 0
h1 ⎟
⎜ .
.. ⎟
..
..
⎜ .
⎟
.
.
. ⎠
⎝ .
..
. 0 hL−1 P ×K
0
For blind channel estimation, it is convenient to rewrite the
channel model (1) as
r = T (s)h + ξ

(2)

where we have used the following fact:
Tc (h)s = T (s)h

(3)
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with the P × L Toeplitz signal matrix T (s) defined by
⎛
⎞
s1 0 . . . 0
⎜ s2 s1 . . . 0 ⎟
⎜ .
. ⎟
..
⎜ .
⎟
. .. ⎟
⎜ . s2
⎜
⎟
..
..
⎜
⎟
.
.
⎜
⎟
s
s
k
1
T (s) = ⎜
.
⎟
..
..
⎜
.
. s2 ⎟
⎜0
⎟
⎜ . .
⎟
⎜ .
. . . . . ... ⎟
⎝ .
⎠
..
. 0 sk P ×L
0
Now, we assume that during a T block transmission period, the
channel coefficients stay constant and after that will randomly
change. Our novel blind modulation scheme is described as
follows. During the first block transmission, each symbol of
a transmitted signal vector s = x = z1 is chosen from p-PSK
constellation X , i.e.,
r1 = T (x)h + ξ 1 ,

x ∈ X K.

(4)

During the second block transmission, each symbol of a transmitted signal vector s = y = z2 is chosen from q-PSK constellation Y, i.e.,
r2 = T (y)h + ξ 2 ,

y ∈ YK

(5)

where p and q are coprimes. Then, during the ith block transmission for 3 ≤ i ≤ T , each symbol of a transmitted signal
vector s = zi can be chosen from any constellation Zi , i.e.,
ri = T (zi )h + ξ i ,

zi ∈ ZiK .

(6)

Collecting all the block received signals, we have
r = Sh + η

(7a)

where η = (ξ T1 , ξ T2 , . . . , ξ TT )T and
⎛ T (x) ⎞
⎜ T (y) ⎟
⎜
⎟
T (z3 ) ⎟
S=⎜
⎜ . ⎟,
⎝ . ⎠
.

x ∈ X K , y ∈ Y K , zi ∈ ZiK .

(7b)

T (zT )
Throughout this paper, we make the following assumptions.
1) The channel coefficients h for  = 0, 1, . . . , L − 1 are
samples of independent circularly symmetric zero-mean
complex white Gaussian random variables with unit variances and remain constant for the first P T (T ≥ 2) time
slots, after which, they change to new independent values
that are fixed for the next P T time slots, and so on.1
η is circularly symmetric zero-mean complex Gaussian
samples with covariance matrix σ 2 IP T .
1 Since the time-varying behaviors of channels are often caused by the
movement of the transmitter and the receiver or environmental scatters, it would
be more practical to assume that the channel coefficients change gradually
instead of the changing suddenly. However, in this paper, we have to adopt
the assumption on the block fading made in [7], [43] for the theoretic necessity
of the diversity analysis on our transmission scheme.

2) During P T observable time slots, consecutive length T
blocks zi are transmitted with each entry zik for i =
3, 4, . . . , T and k = 1, 2, . . . , K being independently and
equally likely chosen from the constellation Zi , whereas
components xk and yk for k = 1, 2, . . . , K in the previous two blocks are independently and equally likely chosen from the respective p-PSK and q-PSK constellations
X and Y, where p and q are coprimes.
3) Channel state information is not available at either the
transmitter or the receiver.
Our goal in this paper is to prove that our designed signaling
scheme (7)
1) enables the unique identification of the channel and the
transmitted signals for any given nonzero received signal
vector r in a noise-free case;
2) provides full diversity for the GLRT receiver in the
Gaussian noise and the Rayleigh fading environment.
III. B LIND U NIQUE I DENTIFICATION AND
F ULL D IVERSITY
In this section, we first develop some decomposition properties on a pair of coprime PSK constellations and then prove that
our blind modulation scheme proposed in the previous section
enables the unique identification of the channel coefficients
and the transmitted signals in a noise-free case as well as full
diversity for the GLRT receiver in a noise environment.
A. Decompositions of PSK Constellations
First, we introduce some fundamental properties on the Euler
function, whose proofs can be found in [44] and [45].
Lemma 1: The Euler function ϕ(m) has the following
properties:
1) Multiplicative property, i.e., if gcd(m, m ) = 1, then
ϕ(mm ) = ϕ(m)ϕ(m ).
2) For any integer m, if the standard factorization is
given by
m = pl11 · · · plss ,

p1 < p2 < · · · < ps

(8)

where p1 , p2 , . . . , ps are the prime numbers, and each li
for i = 1, 2, . . . , s is a positive integer, then we have

(9)
ϕ(m) = ϕ pl11 · · · ϕ plss .
3) For any integer m, we have
ϕ(m) = m
p|m

1
1−
p


(10)

where p runs over the distinct prime divisors of m.
Example: ϕ(20) = ϕ(22 × 3 × 5) = 22 × 3 × 5 × (1 −
1/2) × (1 − 1/3) × (1 − 1/5) = 16.
A typical application of the Euler function is the following
well-known Euler theorem in congruence equation theory [45].
Lemma 2: Let a ≡ b(mod c) denote that a − b is a multiple
of c. Then, if gcd(d, c) = 1, then, dϕ(c) ≡ 1(mod c).
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By Lemma 2, we can immediately obtain the following
corollary [44], [45].
Corollary 1: Let gcd(d, c) = 1. Then, the solution of congruent equation dx ≡ k(mod c) is given by x ≡ k d¯c (mod c),
where d¯c ≡ dϕ(c)−1 and dd¯d ≡ 1(mod c) for 1 ≤ d¯c ≤ c − 1.
We also need the following Chinese reminder theorem.
Lemma 3: Chinese Reminder Theorem: Let p and q be
coprimes. Then, for a given integer k, solving the congruent
equation np + mq ≡ k(mod pq) for m and n is equivalent to
solving a system of congruent equations

Furthermore, under the condition (15), if p and q are coprimes,
then (14) has the unique solution that can be explicitly determined as follows:
1) w = 0. In this case, x = y = 1.
2) w = 0. Then, x and y are given by

2πq̄p
(16a)
x = exp j
p

2πq̄p
(16b)
y = exp j
p

mq ≡ k(mod p)

(11a)

np ≡ k(mod q).

(11b)

with integer  = pq(θ/π − 1/2).
The proof of Proposition 2 is provided in Appendix B.
Propositions 1 and 2 together play an important role in the
unique identification of the channel and the transmitted signals
as well as in the analysis of full diversity in this paper.

Now, we establish the first property of uniquely decomposing
a pq-PSK constellation into the product of p- and q-PSK
constellations.
Proposition 1: Let two positive integers p and q be coprimes.
Then, for any integer k with 0 ≤ k < pq, there exists a pair of
x and y such that

2πk
xy = exp j
, for 0 ≤ k < pq.
(12)
pq
Furthermore, x and y can be uniquely determined by

2πk q̄p
x = exp j
p

2πk p̄q
y = exp j
q

(13a)

(13b)

where q̄p is the inverse element of q under modulus p,
and p̄q is the inverse element of p under modulus q, i.e.,
q q̄p ≡ 1(mod p) and pp̄q ≡ 1(mod q) for 1 ≤ q̄p ≤ p − 1 and
1 ≤ p̄q ≤ q − 1.
Proposition 1, whose proof is given in Appendix A, tells
us that any pq-PSK symbol can be uniquely factored into
the product of a pair of the coprime p- and q-PSK symbols.
This factorization was first discovered in [38] and [41]. Now,
Proposition 1 significantly simplifies the original representation
reported in [38] and [41]. The following property gives a
necessary and sufficient condition for a complex number to be
able to be decomposed into a difference of a pair of coprime pand q-PSK symbols.
Proposition 2: Let w = 0 be a given nonzero complex number and w = |w|ejθ . Then, there exists a pair of x ∈ X and
y ∈ Y satisfying equation
x−y =w

(14)

if and only if there exist three integers m, n, and k such that
θ=

π(pn + qm)
π
+ kπ +
pq
2

|w| = 2(−1)k+1 sin

for some k ∈ Z (15a)

π(pn − qm)
pq

B. Blind Unique Identification of the Channel
Our main purpose in this section is to prove that the blind
modulation scheme (7) is capable of uniquely identifying the
channel coefficients and the transmitted symbols. To do this, let
u and v be two consecutive block received signal vectors in the
first two block transmissions from the channel model (2) in a
noise-free environment, i.e.,
u = T (x)h,

x ∈ XK

(17)

v = T (y)h,

y ∈ YK.

(18)

Now, we formally state the first result.
Theorem 1—Unique Identification: For two coprime positive integers p and q, let u = (u1 , u2 , . . . , uP )T and v =
(v1 , v2 , . . . , vP )T be the first two consecutive block nonzero
received signal vectors given by (17) and (18), respectively. If J
denotes the maximum integers such that u1 v1 = u2 v2 = · · · =
uJ vJ = 0, then, h0 = h1 = · · · = hJ−1 = 0. In addition, the
other remaining channel coefficients hJ , hJ+1 , . . . , hL−1 and
all the transmitted symbols in x and y can be uniquely determined as follows.
1) Let w1 be defined by w1 = uJ+1 /vJ+1 = |w1 |ejθ1 and
1 = pqθ1 /2π. Then, we have

2π1 q ϕ(p)−1
x1 = exp j
(19a)
p

2π1 pϕ(q)−1
y1 = exp −j
(19b)
q
hJ = x∗1 uJ+1 .
2) For 1 < m ≤ L − J, let wm be defined by
 

m−2

−1
∗
x1 uJ+m −
hJ+i xm−i
wm = hJ
i=1




.

(15b)

(19c)

−y1∗

v −

m−2

i=1


hJ+i xm−i

.

(20)
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a) If wm = 0, then we have

Eliminating hJ+1 from (27) yields

xm = x1

(21a)

ym = y1

(21b)


hJ+m−1 = x∗1

uJ+m −

m−2



hJ+i xm−i

.

(21c)

i=0

b) If wm = 0, let wm = |wm |ejθm and
pq(θm /π − 1/2). Then, we have

2πm q ϕ(p)−1
xm = x1 exp j
p

2πm pϕ(q)−1
ym = y1 exp j
q


m−2

∗
hJ+i xm−i .
hJ+m−1 = x1 uJ+m −

m =

(22a)
(22b)

uJ+2 x∗1 − vJ+2 y1∗
= w2 .
hJ

(28)

Since xi ∈ X and yi ∈ Y for i = 1, 2, we have x∗1 x2 ∈ X
and y1∗ y2 ∈ Y, as well. Now, by Proposition 2, x2 and y2
can uniquely be determined by (21a) or (22a) and (21b) or
(22b), respectively, and thus, hJ+1 is uniquely determined
by (21c) or (22c) with m = 2.
In general, we proceed to consider determining the
(J + m)th channel coefficient for 2 < m ≤ L − J − 1. In
this case, we have received
hJ+m−1 x1 + hJ+m−2 x2 + · · · + hJ xm = uJ+m

(29a)

hJ+m−1 y1 + hJ+m−2 y2 + · · · + hJ ym = vJ+m .

(29b)

This is equivalent to
(22c)

i=0

3) For L − J + 1 ≤ m ≤ K, we have

hL−i xm−L+J+i
um+J − L−J−1
i=1
xm =
hJ

hL−i ym−L+J+i
um+J − L−J−1
i=1
ym =
.
hJ

x∗1 x2 − y1∗ y2 =

hJ+m−1 x1 + hJ xm = uJ+m −

m−2


hJ+i xm−i

(30a)

i=1

(23a)

hJ+m−1 y1 + hJ ym = vJ+m −

m−2


hJ+i xm−i . (30b)

i=1

(23b)

Proof: Basically, the proof of Theorem 1 captures the
following four steps:
Step 1. First, we consider the first received signals in each
block. In this case, we have
h0 x1 = u1

(24a)

h 0 y 1 = v1 .

(24b)

Therefore, if either u1 or v1 is zero, then h0 is zero. Similarly, we can obtain h1 = h2 = · · · , hJ−1 = 0 if u1 v1 =
u2 v2 = · · · = uJ vJ = 0.
Step 2. We continue to proceed to the (J + 1)th received signals
for each block. In this case, we have received
hJ x1 = uJ+1

(25a)

hJ y1 = vJ+1 .

(25b)

Since uJ+1 vJ+1 = 0, eliminating hJ from (25) results in
uJ+1
x1 y1∗ =
= w1 .
(26)
vJ+1
Now, by Proposition 1, x1 and y1 can uniquely be determined by (19a) and (19b), respectively, and thus, hJ is
uniquely determined by (19c).
Step 3. Let us consider the (J + 2)th received signals for each
block
hJ+1 x1 + hJ x2 = uJ+2

(27a)

hJ+1 y1 + hJ y2 = vJ+2 .

(27b)

Eliminating hJ+m−1 from (30) yields
 

m−2

∗
∗
−1
∗
x1 xm − y1 ym = hJ
hJ+i xm−i
x1 ur+m −

−

y1∗

i=1

vJ+m −

m−2



hJ+i xmi

i=1

= wm .
Now, by Proposition 2, xm and ym can uniquely be determined by (21a) or (22a) and (21b) or (22b), respectively, and thus, hJ+m−1 is uniquely determined by (21c)
or (22c).
Step 4. L − J − 1 < m ≤ K. In this case, since the channel
coefficients have been determined by the previous three
steps, we can determine the other remaining transmitted
signals from the remaining received signals of each block.
In this case, we have
hL−1 xmL+J+1 + hL−2 xmL+J+2 + · · · + hJ xm = uJ+m
hL−1 ymL+J+1 + hL−2 ymL+J+2 + · · · + hJ ym = vJ+m .
From this, we can obtain (23). This completes the proof of
Theorem 1.

We would like to make the following observations on
Theorem 1.
1) Theorem 1 not only tells us that the channel coefficients
can be uniquely identified by only transmitting two block
signals with each symbol selected from two coprime PSK
constellations but provides simple and closed-form solutions to both the channel coefficients and the transmitted
symbols as well.
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2) If we set p = 2m and q = 2m + 1 with m being a positive integer, then it is clear that p and q are coprimes.
Therefore, Theorems 1 holds for such a pair of p and q.
In addition, if we need the original symbol sets X and
Y to contain the same integer bits, we can delete the only
one common element 1 from Y, i.e., Y = Y − {1}. Thus,
there are totally 2m elements in the remaining set Y, and
Theorems 1 still holds for such a pair of constellations
X and Y. Therefore, instead of a pair of coprime PSK
constellations X and Y, a pair of constellations X and Y 1 ,
in practice, can be used in the bit/constellation mapping.
3) By Theorem 1, if we let m0 denote
 the maximum posih xm−i = 0 for
tive integer such that uJ+m − m−2
i=1
 0J+i
−2
m0 < m ≤ L − J but uJ+m0 − m
i=1 hJ+i xm0 −i =
0, then the length of the channel is actually equal to
m0 − J + 1. Therefore, our blind modulation scheme
enables the receiver to exactly determine the length of
the channel by only utilizing the first two block received
signals.
4) It should be explicitly pointed out here that the unique
identification of both the channel coefficients and the
transmitted signals in Theorem 1 depends not only on the
two unique factorizations characterized by Propositions 1
and 2 but on the scheme of how to transmit the signals as
well. A natural question is whether orthogonal frequencydivision multiplexing (OFDM) with a pair of coprime
PSK constellations enables the unique identification of
both the channel coefficients and the transmitted signals.
Unfortunately, the answer to this question is negative.
The reason is as follows. For discussion simplicity, let
us consider a noncoherent OFDM system with four subcarriers, the channel length of 2, and the coherence time
being 8. In the noise-free case, there are in total eight
received signals, i.e., rx = diag(H0 , H1 , H2 , H3 )x and
ry = diag(H0 , H1 , H2 , H3 )y, where x ∈ X 4 , y ∈ Y 4 ,
and Hi = h0 + h1 exp(−j2πi/4) for i = 0, 1, 2, 3. If
we take h0 = h1 = 1, then we have H2 = 0. As a result,
the signals x3 and y3 are completely lost in the third
subcarrier.
C. Full Diversity
When the channel statistics of the fading and the noise
is available at the receiver, the ML criterion can be utilized
for noncoherent detection [46]. Under the assumptions made
in Section II, the noncoherent ML detector for our channel
model (7) is a quadratic receiver, i.e., Ŝ = arg minS {Δs −
rH Θs r}, where Θs = (1/σ 2 )S(σ 2 I + SH S)−1 SH , and Δs =
log det(σ 2 I + SH S). The GLRT receiver requires neither the
knowledge of the fading and noise statistics nor the knowledge
of their realizations [43], [47], [48]. The criterion can be
simply stated as Ŝ = arg maxS {rH S(SH S)−1 SH r}. In fact,
the GLRT receiver projects the received signal r on the different
subspaces spanned by S and then compute the energies of
all the projections and choose the projection maximizing the
energy. In general, the GLRT receiver provides a suboptimal
solution. However, the GLRT receiver that does not require
fading information makes it an appealing detection candidate
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[43]. Now, suppose we use the GLRT receiver. To examine full
 let
diversity, for any pair of distinct codewords S and S,

SH
(S, S̃) = A.
(31)
S̃H
Brehler and Varanasi [43] proved the following lemma.
Lemma 4: If matrices A have full rank for all pairs of distinct
 then the codebook provides full diversity
codewords S and S,
for the GLRT receiver.
Now, we are in position to formally state the second result in
this paper.
Theorem 2: The blind modulation designed in Section II
with p and q being coprime enables the full diversity gain of L
for the GLRT receiver.

Proof: By Lemma 4, we only need to prove that (S, S)
has full column rank for any pair of distinct signal matrices S
 Otherwise, if there existed a pair of distinct codeword
and S.
 for which the matrix (S, S)
 does not have full
matrices S and S
column rank, then the following linear equations with respect

to variables h and −h

h
(S, S̃)
=0
(32)
−h̃
 0 . Let r0 = Sh0 .
would have a nonzero solution h0 and h


Then, we would also have r0 = Sh0 . In other words, for
a given nonzero received signal r0 , equation r0 = Sh has
two distinct pairs of solutions. By Theorem 1, we have that
 there is a pair
T (x) = T (
x) and T (y) = T (
y). Since S = S,
 T (zi ) and T (
zi )
of distinct signal submatrices in S and S,
zi . If we let zi =
for some 3 ≤ i ≤ qL. That being said, zi = 
zi = (
zi1 , zi2 , . . . , ziK )T , then there
(zi1 , zi2 , . . . , ziK )T and 
exists a positive integer k such that zik = zik but zi = zi for
 = 1, 2, . . . , k − 1. For notional simplicity, we use B[M : N ]
to denote the submatrix of a matrix B consisting of all the
columns and rows from M to N . Then, we have (33), shown
at the bottom of the next page, since T (
zi )[k : K + k − 1] −
T (zi )[k : K + k − 1] is actually a K × K lower triangular
matrix with the diagonal entries being all equal to zik − zik .

Therefore, the submatrix of (S, S)
⎛
⎝

T (x)[1 : K]

T (x̃)[1 : K]

T (zi )[k : K + k − 1]

T (z̃i )[k : K + k − 1]

⎞
⎠

 has full
is a 2K × 2K invertible matrix, and hence, (S, S)
column rank, which contradicts with the previous assumption.
This completes the proof of Theorem 2.

So far, we have shown that our blind modulation scheme
enables the unique identification of the channel coefficients in
the noise-free case as well as full diversity in the noise environment. Similar to Comment 2 on Theorem 1, our Theorem 2 is
also true for both a particular pair of p = 2m and q = 2m + 1
and the derived pair of constellations X and Y. In addition,
full diversity relies on the two unique factorizations enabled by
Propositions 1 and 2 as well as on the way of how to transmit the
signals. For example, consider a noncoherent OFDM system
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with four subcarriers, the channel length of 2, and the coherence
time being 8. In this case, the signal matrix is given by
⎛

x1

⎜
⎜
⎜ x2
⎜
⎜
⎜
⎜ x3
⎜
⎜
⎜
⎜ x4
⎜
S=⎜
⎜
⎜ y1
⎜
⎜
⎜
⎜ y2
⎜
⎜
⎜
⎜ y3
⎝
y4

x1

⎞

{Ŝ, ĥ} = arg min r − Sh 22 .
S,h

⎟
⎟
−jx2 ⎟
⎟
⎟
⎟
−x3 ⎟
⎟
⎟
⎟
jx4 ⎟
⎟
⎟.
⎟
y1 ⎟
⎟
⎟
⎟
−jy2 ⎟
⎟
⎟
⎟
−y3 ⎟
⎠

2


2



= arg min ri − Tc ĥ(0) zi  ,

If we take xi = x̃i for i = 1, 2, 3, 4, yk = ỹk for k = 2, 3,
 is 3 at most.
4 and y1 = ỹ1 , the rank of the matrix (S, S)
As a consequence, the OFDM system with a pair of coprime
PSK constellations cannot enable full diversity for the GLRT
receiver.
IV. I TERATIVE L EAST-S QUARE E RRORS W ITH PARALLEL
S PHERE D ECODERS AND S IMULATIONS
Our task in this section is to provide an efficient algorithm to
approximate the GLRT receiver by making use of the iterative
least squares [14], [18]–[21], [25] with the parallel sphere
decoders [26]–[35], the semidefinite relaxation algorithm [49],
or the Viterbi algorithm [50].
A. Iterative Least-Square Errors With Parallel
Sphere Decoders
Essentially, the GLRT receiver for our channel model deals
with the following optimization problem:
S

(35)

This optimization problem can be approached by employing iterative least squares [14], [18]–[21] with parallel ML decoders.
Given an initial estimate ĥ(0) of h, since r − Sĥ(0) 22 =
T
(0) 2
2 and the information symbols between
i=1 ri − T (zi )ĥ
each two codeword matrixes T (zi ) and T (z ) for i =  are
independent, the minimization problem of r − Sĥ(0) 22 with
respect to the signal matrix S is equivalent to each minimization problem with respect to the individual signal submatrix T (zi ), i.e.,
2



(0)
ẑi = arg min ri − T (zi )ĥ(0) 

jy4



Ŝ = arg max rH S(SH S)−1 SH r .

ing least squares for jointly estimating the channel and the
signal:

(34)

The global solution of (34) can be computed by an exhaust
search over the whole codewords. However, the number of
all possible codewords that need to be checked grows exponentially, which is practically prohibitive. It was proved [25]
that the optimization problem (34) is equivalent to the follow-

2

for i = 1, 2, · · · , T.
(36)

Due to the structure of Tc (ĥ(0) ), the minimization problem (36) can be efficiently solved using parallel sphere
decoders [26]–[35] or Viterbi algorithm [50] if either L
or the size of constellations is small. Once we have all
(0)
the estimates ẑi of zi for i = 1, 2, . . . , T , then a better estimate of h can be obtained by minimizing r −
Ŝ(0) )h 22 with respect to complex continuous variable h, which
gives ĥ(1) = ((S(0) )H S(0) )−1 (S(0) )H r. Hereafter, we let S(m)
(m)
(m)
(m)
denote S(m) = [T T (ẑ1 ), T T (ẑ2 ), . . . , T T (ẑT )]T . We
keep continuing this process until ĥ(m+1) − ĥ(m) is less than
a given threshold δ > 0. The above whole procedure can be
summarized as the following algorithm:
Algorithm 1: Iterative least squares with parallel sphere
decoders or the Viterbi algorithm
1) Initialization: ĥ(m) , m = 0 and estimate Ŝ(0) using the
parallel linear ML decoders or the Viterbi algorithm based
on (36).
2) Update: ĥ(m+1) = ((S(m) )H S(m) )−1 (S(m) )H r.
3) Stop: Continue until ĥ(m+1) − ĥ(m) < δ.
B. Initialization of Channel Estimation
The performance of the decoding Algorithm 1 heavily depends on how to properly choose the initial estimate of h,
i.e., h(0) . In this section, we develop an efficient algorithm to





T (x)[1 : K]
T (
x)[1 : K]


 T (zi )[k : K + k − 1] T (
zi )[k : K + k − 1] 




T (x)[1 : K]
T (
x)[1 : K] − T (x)[1 : K]


=
T (zi )[k : K + k − 1] T (
zi )[k : K + k − 1] − T (zi )[k : K + k − 1] 




T (x)[1 : K]
0
 = xK
= 
ik )K = 0.
1 (zik − z
T (zi )[k : K + k − 1] T (
zi )[k : K + k − 1] − T (zi )[k : K + k − 1] 

(33)

ZHANG et al.: FULL DIVERSITY BLIND SIGNAL DESIGNS FOR UNIQUE IDENTIFICATION OF FREQUENCY SELECTIVE CHANNELS

obtain an initial estimate of the channel. Let us consider the
relationship between the inputs and outputs in the first two
blocks. In this case, we rewrite (4) and (5) here as
r1 = T (x)h + ξ 1 ,

x ∈ XK

r2 = T (y)h + ξ 2 ,

y∈Y .
K

(37a)
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(0)

In general, suppose that both the estimates ĥf,i−1 of hi−1
(0)
and those of signals xi and yi are all correct, i.e., ĥf,i−1 =
hi−1 , x̂f,i = xi and ŷf,i = yi for i = 1, 2, . . . , n < L. Now,
consider the (n + 1)th equations in (37), i.e.,
r1(n+1) =

(37b)

n


xn+2−i hi−1 + x1 hn + ξ1(n+1)

(44)

yn+2−i hi−1 + y1 hn + ξ2(n+1)

(45)

i=1

Let rm = (rm1 , rm2 , . . . , rmT )T and ξ m = (ξm1 , ξm2 ,
. . . , ξmT )T for m = 1, 2. Then, from the first two equations of
(37a) and (37b), we have
r11 = x1 h0 + ξ11

(38)

r21 = y1 h0 + ξ21 .

(39)

r2(n+1) =

n

i=1

which can equivalently be rewritten as
r̃1(n+1) = r1(n+1) −

n


xn+2−i hi−1

i=2

These two equations can be written in a more compact vector
form as



r11
ξ11
x1
=
h0 +
.
(40)
r21
y1
ξ21

= xn+1 h0 + x1 hn + ξ1(n+1)
r̃2(n+1) = r2(n+1) −

n


yn+2−i hi−1

i=2

Then, an estimate of h0 is given by
(0)

ĥf,0

∗
r21
x̂∗f,1 r11 + ŷf,1
=
2

= yn+1 h0 + y1 hn + ξ2(n+1) .
(41)

where x̂f,1 and ŷf,1 can be obtained by solving the following
optimization problem:
{x̂f,1 , ŷf,1 } = arg
= arg

max

x1 ∈X ,y1 ∈Y

|x∗1 r11 +y1∗ r21 |2

x1 ∈X ,y1 ∈Y

max

x1 ∈X ,y1 ∈Y


∗
∗
× |r11 |2+|r21 |2+|r11
r21 |2−|r11
r21−x∗1 y1 |2 .
(42)
Hence, the maximization optimization problem (42) is equivalent to the following minimization optimization problem:
∗
ŝpq = arg min |r11
r21 − spq |2
spq ∈Spq

(0)

ĥf,n =

x∗1 r̃1(n+1) + y1∗ r̃2(n+1) − (x∗1 x̃f,n+1 + y1∗ ŷf,n+1 )h0
2
(46)

where the estimates of xn+1 and yn+1 are obtained by solving
the following optimization problem:

max


∗
∗ ∗
× |r11 |2 +|r21 |2 +r11
r21 x1 y1∗ +r11 r21
x1 y1
= arg

Therefore, based on the above two received signals, the leastsquare error estimate of hn is given by

(43)

where Spq denotes the pq-PSK constellation and spq =
x∗1 y1 = exp(j(2πk/pq)) is a pq-PSK symbol. The solution to (43), i.e., an optimal estimate of k, is determined
as follows: k̂f = pq arg(α)/2π if 0 ≤ pq arg(α)/2π −
pq arg(α)/2π < 1/2. Otherwise, k̂f = pq arg(α)/2π + 1.
∗
r21 . Then, using Proposition 1,
Here, α is defined by α = r11
we obtain the estimates of x1 and y1 as


2π k̂f q ϕ(p)−1
x̂f,1 = exp −j
p


2π k̂f pϕ(q)−1
ŷf,1 = exp j
.
q

{x̂f,n+1 , ŷf,n+1 } = arg

min

xn+1 ∈X ,yn+1 ∈Y



×
F

r̃1(n+1)
r̃2(n+1)


− h0 F

2
xn+1 

yn+1 

with F being defined by F = I2 − 1/2 xy11 (x∗1 , y1∗ ). The preceding whole procedure can be summarized as the following
algorithm:
Algorithm 2: Initial forward successive estimates of the
channel coefficients
(0)
1) Initialization: The estimate of h0 is given by ĥf,0 =
∗
r21 /2), where the estimates of x1 and y1 are
(x̂∗f,1 r11 + ŷf,1


2π k̂f q ϕ(p)−1
x̂f,1 = exp −j
p


2π k̂f pϕ(q)−1
ŷf,1 = exp j
q
an optimal estimate of k is determined as follows. k̂f =
pq arg(α̂)/2π if 0 ≤ pq arg(α̂)/2π − pq arg(α̂)/2π <
1/2. Otherwise, k̂f = pq arg(α̂)/2π + 1. Here, α is defined
∗
r21 .
by α = r11
2) Recursion: Under the assumption on the perfect estimates
(0)
of xi , yi and hi , i.e., ĥf,i−1 = hi−1 , x̂f,i = xi and ŷf,i = yi
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for i = 1, 2, . . . , n < L, the estimates of xn+1 and yn+1 are
obtained by solving the following optimization problem:
{x̂f,n+1 , ŷf,n+1 } = arg

estimates of xK−n and yK−n are obtained by solving the
following optimization problem:
{x̂b,K−n , ŷb,K+n } = arg

min

xn+1 ∈X ,yn+1 ∈Y



×
F

r̃1(n+1)
r̃2(n+1)


− h0 F



×
B

2
xn+1 

yn+1 

(0)

x∗1 r̃1(n+1) + y1∗ r̃2(n+1) − (x∗1 x̃f,n+1 + y1∗ ŷf,n+1 ) h0
2

where r1(n+1) and r2(n+1) are determined by
r̃1(n+1) = r1(n+1) −

n


r̃2(n+1) = r2(n+1) −

(0)

∗
− (x∗K x̂b,K−n + yK
ŷb,K−n ) hL−1 ) /2

xn+2−i hi−1

where r1(P −n) and r2(P −n) are determined by
yn+2−i hi−1 .
r̃1(P −n) = r1(P −n) −

a) x̂f,n = exp(j(2π ˆf,n /p), where ˆf,n = p arg(γf,n )/
2π if 0 ≤ (p arg(γf,n )/2π) − p arg(γf,n )/2π < 1/2,
and otherwise, ˆf,n = p arg(γf,n )/2π + 1;
b) ŷf,n = exp(j(2π m̂f,n /q), where m̂f,n = q arg(δf,n )/
2π if 0 ≤ q arg(δf,n )/2π − q arg(δf,n )/2π < 1/2,
and otherwise, m̂f,n = p arg(δf,n )/2π + 1.
If we start with the last L equations of (37a) and (37b) and
take advantage of the upper triangular structure, we can obtain
the following initial backward successive algorithm similar to
Algorithm 2.
Algorithm 3: Initial backward successive estimates of the
channel coefficients
(0)
1) Initialization: The estimate of hL−1 is given by ĥb,L−1 =
∗
∗
(x̂b,K r1P + ŷb,K r2P )/2, where the estimates of xK and yK are

ŷb,k

2π k̂f q ϕ(p)−1
= exp −j
bp


2π k̂b pϕ(q)−1
= exp j
q



and an optimal estimate of k is determined as follows: k̂b =
pq arg(β̂)/2π if 0 ≤ pq arg(β̂)/2π − pq arg(β̂)/2π <
1/2. Otherwise, k̂b = pq arg(β̂)/2π + 1. Here, β is defined
∗
r2P .
by β = r1P
2) Recursion: Under the assumption on the perfect estimates
(0)
of xK+1−i , yK+1−i and hL−i , i.e., ĥb,L−i = hL−i , x̂b,K+1−i =
xK+1−i and ŷb,K+1−i = yK+1−i for i = 1, 2, . . . , n < L, the

n


xK−n+i hL−i−1

i=1

For n = L, L + 1, . . . , K and under the condition of no error
propagation, the estimates
 of xn and yn are obtained as follows. Let γf,n = r1n − L−1
i=1 hi−1 xn−i /h0 and δf,n = r2n −
L−1
h
y
/h
.
Then
i−1
n−i
0
i=1

x̂b,k

2
xK−n 

yK−n 

and thus, the estimate of hL−n−1 is provided by

i=2





∗
r̃2(P −n)
ĥb,L−n−1 = x∗K r̃1(P −n) + yK

i=2
n


r̃1(P −n)
r̃2(P −n)

−hL−1 B

and thus, the estimate of hn is provided by
ĥf,n =

min

xK−n ∈X ,yK−n ∈Y

r̃2(P −n) = r2(P −n) −

n


yK−n+i hL−i−1 .

i=1

For n = L, L + 1, . . . , K and under the condition of no error
propagation, the estimates of xK−n
 and yK−n are obtained as
follows: Let γb,n = (r1(P −n) − L−1
i=1 hL−i−1 xK−n+i )/hL−1

and δb,n = (r2(P −n) − L−1
h
i=1 L−i−1 yK−n+i )/hL−1 . Then
a) x̂b,K−n = exp(j(2π ˆb,n /p)), where ˆb,n = p arg(γb,n )/
2π if 0 ≤ p arg(γb,n )/2π − p arg(γb,n )/2π < 1/2,
and otherwise, ˆb,n = p arg(γb,n )/2π + 1;
b) ŷb,K−n=exp(j(2π m̂b,n /q)), where m̂b,n= q arg(δb,n )/
2π if 0 ≤ q arg(δb,n )/2π − q arg(δb,n )/2π < 1/2,
and otherwise, m̂b,n = p arg(δb,n )/2π + 1.
Once we have had two estimates of x and y using Algo−1 H
rithms 2 and 3, we can compare rH Sf (SH
f Sf ) Sf r with
−1 H
rH Sb (SH
b Sb ) Sb r and select the greater one to obtain the
final initial estimate of h for Algorithm 1, where Sf =
(T T (xf ), T T (yf ))T , and Sb = (T T (xb ), T T (yb ))T . That is

ĥ(0) =

⎧
⎪
SH
⎪
f Sf
⎪
⎪
⎪
⎨
⎪
⎪
SH
⎪
b Sb
⎪
⎪
⎩

−1


H
H
SH
f r if r Sf Sf Sf

−1

SH
f r

−1

−1

SH
b r

SH
> rH Sb SH
b Sb
b r

−1
if rH Sf SH
SH
f Sf
f r
< rH Sb SH
b Sb

−1

SH
b r.

Here, we must point out clearly that in spite of the fact
that our proposed scheme enables full diversity for the GLRT
receiver shown in Theorem 2, the decoding Algorithm 1 with
Algorithms 2 and 3 for initialization is just a suboptimal decoding algorithm, and in general, it cannot assure full diversity.
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C. Simulations
In this section, we examine the performance of our blind
modulation scheme and iterative decoding algorithms. Here, in
all our computer simulations, we fix T = 2. At the receiver,
we jointly estimate the channel coefficients and the transmitted
symbols using the iterative least squares with parallel sphere
detectors, as described in the previous section. First, we use
Algorithms 2 and 3 to obtain an initial estimate of the channel
vector h. Then, we utilize this estimate as starting point in the
iteration of Algorithm 1.
For each SNR, 200 channel realizations are implemented. 
We calculate the normalized mean square error
2
2
((1/200) 200
k=1 hk − ĥ / hk ) between the true channel
coefficients and their estimates and evaluate the average symbol
error rate using the decoding Algorithm 1. We test the performance of our hybrid signaling scheme when different lengths of
channels, different sizes of transmission blocks, and different
modulations are utilized. Figs. 1(a) and (b) and 2(a) and (b)
show the normalized mean square errors, whereas Figs. 1(c) and
(d) and 2(c) and (d) show the corresponding average symbol
error rates. To put our decoding Algorithm 1 into perspective,
we also compare its error performance using Algorithms 2 and
3 as initialization to that using random channel initialization
when either L = 2 or L = 4 and K = 16. From Fig. 1(c), it
can be observed that the decoding Algorithm 1 with random
channel initialization completely fails. This means that the
iterative decoding Algorithm 1 significantly depends on the
initialization. On the other hand, from Figs. 1(c) and (d) and
2(c) and (d), it can also be observed that for the fixed K, p, and
q, the symbol error rate for L = 2 is better than that for L = 4.
This implies that decoding Algorithm 1 with Algorithms 2
and 3 for initialization does not achieve full diversity as proved
by Theorem 2. In addition, in spite of the fact that the convergent issue on the iterative least squares with some pilot
symbols was discussed and analyzed in [18], [19], and [21] only
for linear receivers and the binary constellation, our computer
simulations show that the iterative least-square algorithm using
the sphere decoder and a pair of the coprime PSK constellations
is still numerically convergent. All the aforementioned issues
motivate us to further investigate how to properly choose the
initialization of Algorithm 1 to improve its error performance
in our future research.
V. C ONCLUSION
In this paper, we have proposed a novel and simple blind
modulation technique to uniquely identify frequency-selective
channels with zero-padded block transmission under noise-free
environments by only processing the first two block received
signal vectors. Furthermore, a closed-form solution to determine the transmitted signals and the channel coefficients has
been derived by using linear congruence equation theory. In
the Gaussian noise and Rayleigh fading environment, we have
proved that our new scheme enables full diversity for the GLRT
receiver. When only finite received data are available, we have
provided the iterative least squares with parallel sphere decoders to approximate the GLRT detector by taking advantage
of the linearity and triangular structure of our signal design.

Fig. 1. Normalized mean square errors and average symbol error rates for
p = 4 and q = 3. (a) K = 16. (b) K = 20. (c) K = 16. (d) K = 20.
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A PPENDIX A
P ROOF OF P ROPOSITION
First, we notice that exp(j(2πk/pq)) = exp(j(2πn/p))
exp(j(2πm/q)) is equivalent to following linear congruence
equation:
mp + nq ≡ k (modpq).

(47)

Since p and q are coprimes, by Lemma 3, solving (47) for m
and n is equivalent to solving the following system of linear
congruent equations:
nq ≡ k(modp)

(48a)

mp ≡ k(modq).

(48b)

By Lemma 2 and its Corollary 1, the solutions of (48) can
be expressed by n ≡ k q̄p ≡ kq ϕ(p)−1 (modp) and m ≡ k p̄q ≡
kpϕ(q)−1 (modq).
In the following, we will prove the uniqueness of the solutions. To do that, suppose there exists another pair of symbols
x ∈ X and y ∈ Y such that xy = x y  . Let x = exp(j(2πn/p),
x = exp(j(2πn /p)), 0 ≤ nn < p, and y = exp(j(2πm/q),
y  = exp(j(2πm /q), 0 ≤ m, m < q. Then, we have


n m
m
n
exp j2π
+
+
= exp j2π
. (49)
p
q
p
q
This is equivalent to (n − n )q ≡ (m − m)p (modpq).
Therefore, m − m ≡ 0 (modq) and n − n ≡ 0 (modp).
Since 0 ≤ m < q and 0 ≤ n < p, we have m = m and n = n .
This completes the proof of Proposition 1.

A PPENDIX B
P ROOF OF P ROPOSITION
Proof: Let w = |w| exp(jθ). If we write x =
exp(j(2πm/p) and y = exp(j(2πn/q), then (14) is equivalent to


2πm
2πn
exp j
− exp j
= |w| exp(jθ).
(50)
p
q
Since
exp j

2πm
p


− exp j




2π(pn − qm)
1 − exp j
pq


π(pn − qm)
π(pn + qm)
exp j
pq
pq

2πm
= exp j
p
= −2j sin

2πn
q



(51)

Fig. 2. Normalized mean square errors and average symbol error rates for
p = 5 and q = 4. (a) K = 16. (b) K = 20. (c) K = 16. (d) K = 20.

substituting (51) into (50) yields


π(pn−qm)
π(pn+qm)
= |w| exp j θ−
.
−2j sin
pq
pq
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Therefore, we have
θ=

π(pn + qm)
π
+ kπ +
pq
2

|w| = 2(−1)

k+1

sin

for some k ∈ Z

π(pn − qm)
pq

(52)


.

(53)

Moreover, if (15) is satisfied, i.e., there exists a pair of x ∈ X
and y ∈ Y satisfying (14), then we have
mp + nq ≡  (modpq)

(54)

with  = pq(θ/π − 1/2). Since p and q are coprimes, solving
(54) for m and n is equivalent to solving the system of linear
congruent equations
nq ≡ k(modp)

(55a)

mp ≡ k(modq).

(55b)

By Corollary 1, the solutions of (55) can be expressed by n ≡
k q̄p ≡ kq ϕ(p)−1 (modp) and m ≡ k p̄q ≡ kpϕ(q)−1 (modq).
This completes the proof of Proposition 2.
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