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Abstract—In this paper, we present a novel matrix decomposition method, called generalized multi-unitary decomposition
(GMUD), and use it to achieve robust multi-antenna multi-user
multiple-input–multiple-output (MIMO) precoding with limited
and partial channel information feedback. GMUD transforms
complex matrix {H} into H = Pθ, r Rr QH
θ, r , where Rr is a lower
triangular matrix, and Pθ, r and Qθ, r are unitary matrices. A
unique feature of GMUD is that it gives multiple solutions of the
unitary matrices Pθ, r and Qθ, r based on two parameters, namely
the direction parameter θ and magnitude parameter r. This property enables the GMUD precoder to steer the precoding vectors of
different users to jointly optimize their performance. Compared
with regularized-inverse precoding (an existing multi-user MIMO
precoding technique that we have extended to handle multiple
receive antennas), the advantages of GMUD precoding are that
it requires only partial channel state information (CSI) from the
users, and its performance is robust to CSI quantization.
Index Terms—Linear precoding, multi-user multiple-input–
multiple-output (MIMO) channels, partial feedback.

I. I NTRODUCTION

M

ULTIPLE-input–multiple-output (MIMO) schemes
have become very important in current and nextgeneration broadband wireless networks. Both [1] and [2]
show that the capacity of a point-to-point MIMO system with
NT transmit antennas and NR receive antennas increases
linearly as min(NT , NR ) at high SNR. The additional antennas
deployed in MIMO systems create virtual spatial sub-channels
that allow multiple independent data streams to be transmitted
simultaneously over the same frequency. These virtual spatial
sub-channels provide a large linear increase in the data
throughput and spectral efficiency. This linear increase in data
throughput is also known as the multiplexing gain.
Subsequently, point-to-point MIMO channels are extended
to MIMO broadcast channels (MIMO-BCs) where the multiple
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transmit antennas deployed at the base station are designed
to serve multiple users simultaneously [3]–[6]. The sum-rate
capacity of the Gaussian BC channel for the case of two users,
each with a single receive antenna, was first obtained by Caire
and Shamai [3]. Viswanath and Tse [4], Vishwanath et al. [5],
and Yu and Cioffi [6] showed that the sum-rate capacity of
MIMO-BCs grows linearly with the minimum number of transmit and receive antennas. Recently, Weingarten et al. provided
a characterization of the entire capacity region [7].
When full channel state information (CSI) is available at
the transmitter, precoding techniques such as zero-forcing precoding [8] and regularized-inverse precoding [9] can be used
to precancel or pre-suppress multi-user interference at the
transmitter in a downlink BC. For example, the regularizedinverse precoding proposed in [9] enables the base station to
use NT transmit antennas to simultaneously send NT different
data streams to NT users equipped with single antennas. On
the other hand, in many future communication systems such as
3GPP Long Term Evolution, the users may be equipped with
more than one receive antenna. The additional receive antennas
can be exploited to increase the number of data streams sent to
each user [8] or to increase the quality of the CSI feedback [10].
In the latter case, the author proposed a composite-channelbased feedback technique that involves linearly combining the
quantization vectors from an orthonormal basis.
In this paper, we focus on the non-codebook-based design
of a robust multi-user MIMO precoding scheme in systems
with limited channel feedback and multiple receive antennas
per user. We first show that the regularized-inverse technique
described in [9] can be augmented by applying receive-antenna
selection at the precoder, but its performance is very sensitive
to the CSI accuracy. If the feedback channel bandwidth is
limited and the CSI has to be quantized, the performance
of regularized-inverse precoding with antenna selection will
deteriorate severely. To overcome this problem, we propose a
new matrix decomposition technique, called generalized multiunitary decomposition (GMUD), and use it to design a precoding scheme that makes use of multiple receive antennas to
improve system performance without the need for full channel
feedback information. Specifically, for NR receive antennas per
user, the proposed GMUD precoding matrix does not require
the CSI of all NR × NT spatial channels but only the right
eigenvectors and the singular values of the channel matrix, and
they can be considerably quantized.
This paper is organized as follows. Section II describes
the multi-antenna multi-user system model used and reviews
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related prior works. In Section III, we provide a detailed explanation of GMUD and prove its existence. We also provide
a numerical example to illustrate its properties. In Section IV,
we present the design of a GMUD precoding matrix for multiuser MIMO broadcast. The comparisons of the simulation
results of the proposed scheme and other schemes are shown
in Section V, where we also show that the GMUD precoding
technique is robust to quantization errors. Finally, Section VI
provides some concluding remarks.

and the signal-to-interference-plus-noise ratio (SINR) received
by the ith antenna is

II. R EGULARIZED -I NVERSE P RECODING

SINR = max SINRi .

SINRi =

hi, k 2
K

j=1
j=k

yk = Hk x + nk ,

k ∈ SK

(1)

where the italic subscript k represents the kth user; SK is
a set of indexes of the users being served; yk ’s are NR × 1
column vectors representing the signal received by the kth user;
x = [x1 . . . xNT ]T is a NT × 1 column vector representing the
transmitted signal; Hk is a NR × NT matrix containing the
channel information between the base station and the kth user,
and is assumed to be known to both the transmitter and the
receiver; and nk is an additive white Gaussian noise (AWGN)
2
H
vector such that E[nk nH
k ] = σ I and that [·] denotes complex
conjugate.
If one data stream is sent per user, the precoded signal x from
the transmitter can be modeled as

√
√
gk uk / γ = Gu/ γ
(2)
x=
k∈SK

where gk is the precoding vector for the kth user, G is a NT ×
K precoding matrix; u = [u1 , . . . , uK ]T whose element uk is
the intended data for the kth user; and γ = Gu2 is used to
normalize the power of the transmitted signal x. The received
signal hence becomes
Hk Gu
+ nk
√
γ
⎡
h1, 1 · · ·
⎢ ..
⎢ .
⎢
..
=⎢
.
⎢ hi, 1
⎢ .
⎣ .
.
hN R , 1 · · ·

yk =

⎤
h1, k
⎤
.. ⎥ ⎡
. ⎥ u1, 1
⎥⎢ . ⎥
hi, k ⎥
⎥ ⎣ .. ⎦ + nk
.. ⎥
⎦ u1, k
.
hN R , k

(3)

where hi, k is the (i, k)th entry of the normalized equivalent
√
channel matrix Hk G/ γ for the kth user. The ith antenna of
the kth user will receive

j=1

+

∀i∈NR

Considering a base station with NT transmit antennas that
sends one data stream per user to a pool of K users, each with
NR receive antennas, the received signal of the kth user is
given as

yi =

hi, j uj

hi, j uj + n = hi, k uk +
desired
signal

K


hi, j uj + n

j=1
j=k
interference

(4)

(5)

σ2

In this paper, we considered an antenna selection diversity
combining method, and the resultant SINR of the kth user is
given as

A. Signal Model

K


.

2

(6)

B. (Conventional) Regularized-Inverse Precoding
In a multi-user communication system with one receive antenna per user, the regularized-inverse precoding in [9] arranges
the channel information into K × NT matrix H̃, such that the
kth row of H̃ represents the channel between the base station
and the kth user. Precoding matrix G is
H

Greg−inv = H̃H (H̃H̃ + αI)−1

(7)

where the optimal value of α = K/ρ and ρ = 1/σ 2 are derived in [9] for uncoded system. Although this precoding
matrix introduces some interference from the other users as
H̃H̃H (H̃H̃H + αI)−1 = I, it reduces the normalization constant γ significantly, which leads to a stronger signal with a
higher SINR at the receiver. The amount of interference is
determined by α. No matter how poorly conditioned H̃ may be,
the inverse in (7) can be improved by choosing appropriate α.
When the users have multiple receive antennas, the users
may choose to feedback the channel of just one of the receive
antennas; then, each user will appear to the transmitter as
a single-antenna terminal. This is a simple extension of the
regularized-inverse precoding from a single-antenna receiver
to a multi-antenna receiver without adding to the burden of
channel feedback, although it is suboptimal.
C. (New) Regularized-Inverse Precoding With Optimal
Receive-Antenna Selection
When NR receive antennas are available to each user for receiving one data stream per user, there is a total of NR channels
between the base station and one of the receive antenna. The
equivalent communication channel between the base station
and users can be arranged as a K × NT matrix Ĥ, whose kth
row represents the corresponding channel information between
the NT transmit antennas and user k. Since every user has a
choice of NR channel information from NR antennas, there
will be a total of (NR )K different Ĥ. The regularized-inverse
precoding matrix then becomes
Ĝreg−inv = ĤH (ĤĤH + αI)−1

(8)

where Ĥ is one of the (NR )K different channel matrices with an
optimal value of α = Kσ 2 . The transmitted signal then becomes

noise

x=

Ĝreg−inv
u.
√
γ

(9)
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where
⎡
H

ĤĜreg−inv =

H

ĤĤ (ĤĤ +αI)
√
γ

−1

⎢
=⎣

η1,1
ηK,1

···
..
.

η1,K

⎤
⎥
⎦.

ηK,K

Effectively, the regularized-inverse precoding with antenna selection chooses the best-conditioned channel between the users
and the transmit antennas to improve the bit-error-rate (BER)
performance.
The received signal for user k is given by
yk = Hk x + n = Fk u + n

(11)

√
where Fk = Hk Ĝreg−inv / γ is the equivalent channel of user
k. To recover the information symbol uk , the user can either
use a zero-forcing receiver or a MMSE receiver.1 The MMSEdetected data vector is
Fig. 1. Probability of bit error of a two-user MIMO QPSK system (a base
station with two transmit antennas and two users with two receive antennas
each) using different criteria to find the optimum precoding matrix (regularizedinverse precoding with antenna selection and GMUD precoding).



2 −1
yk
x̂k = FH
k Fk + σ I

(12)

where σ 2 refers to the variance of the AWGN.
III. G ENERALIZED M ULTI -U NITARY D ECOMPOSITION
A complex channel matrix H can be transformed into various
forms using different decomposition techniques such as the
following.

Fig. 2. Probability of bit error of a two-user MIMO 16-QAM system (a base
station with two transmit antennas and two users with two receive antennas
each) using different criteria to find the optimum precoding matrix (regularizedinverse precoding with antenna selection and GMUD precoding).

Clearly, the precoding matrix Ĝreg−inv can be optimized by
some form of antenna selection to optimize some performance
criterion. This optimality criterion may be: 1) maximizing the
minimum SINR of all users; 2) maximizing the sum of all users’
signal power over the sum of all users’ interference plus noise
[11]; or 3) minimizing the sum of per user’s inverse SINR [12].
Figs. 1 and 2 show that criterion 3, which was proposed in
[12], outperforms the other two criteria; hence, we will use this
criterion to optimize the precoding matrix in this paper.
The resultant precoding matrix is
Ĝreg−inv = arg min
Ĥ

K

m=1

K

|ηm, n |2 + γ/ρ
|ηm, m |2

n=1, n=m

(10)

1) Singular value decomposition (SVD) [14]: H = UΛVH ,
where U and V are orthonormal matrices, and Λ is a
diagonal matrix containing the singular values of H.
2) Equal-diagonal QR decomposition [15] and geometric
mean decomposition (GMD) [16]: H = URVH , where
U and V are orthonormal matrices, and R is an upper
triangular matrix with diagonal elements containing the
geometric mean of the positive singular values of H.
3) Generalized Triangular Decomposition (GTD) [17]: H =
URVH , where U and V are orthonormal matrices, and
R is an upper triangular matrix with prescribed diagonal
elements multiplicatively majorized by the singular values of H.
In this paper, we propose a new matrix decomposition
technique called GMUD that gives the transformation H =
Pθ, r Rr QH
θ, r , where Rr can be a lower triangular matrix or
a special matrix with a prescribed value called “magnitude
parameter” r in the leftmost entry and zeros at the remaining
entries in the first row. Pθ, r and Qθ, r are different unitary
matrices generated based on r and “direction parameter” θ.
A. Derivation of Rr in GMUD
Consider rank-L complex H with singular values λ1 ≥ λ2 ≥
· · · ≥ λL . Its GMUD gives H = Pθ, r Rr QH
θ, r , where Pθ, r and

1 MMSE receiver or Wiener filter has been shown to be optimum for a MIMO
system with any precoding matrix in [11].
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Qθ, r are unitary matrices, and Rr is a L × L matrix in the
form of
⎡
⎤
r
0 ···
0
⎢ z21 z22 · · · z2L ⎥
Rr = ⎢
, where λL < r < λ1 . (13)
..
..
.. ⎥
⎣ ...
.
.
. ⎦
zL1

zL2

···

zLL

In the first row of Rr , only the leftmost entry is a nonzero
positive element. This element r can take any value between
the smallest and largest singular values of H (corresponding to
λL and λ1 in (13), respectively). The values of the remaining
elements z21 , . . . , zLL in Rr are calculated based on r and the
singular values (details will be shown later). When the rank of
H is greater than 2, Pθ, r and Qθ, r are generally not unique
under this definition of Rr , i.e., there are multiple solutions of
Pθ, r and Qθ, r , given a value of r. However, in the special
case where Rr is defined as a lower triangular matrix with
prescribed diagonal elements, Pθ, r and Qθ, r will both be
unique. Such Rr takes the following form:
⎡
⎤
r1
0 ··· 0
0
0 ⎥
⎢ z21 r2
(14)
Rr = ⎢
..
..
.. ⎥
⎣ ...
.
.
. ⎦
zL1

zL2

···

rL

where the values of the diagonal entries must satisfy Weyl’s
multiplicative majorization conditions [17]. In this case, GTD
turns out to be a special case of GMUD.
The complex channel H is first transformed into H =
UΛVH using SVD, where Λ ∈ RL×L is a diagonal matrix
containing all the singular values λi in descending order, and
both U and V are orthonormal matrices. For GMUD, its matrix
Rr with prescribed r can be arranged in the form of Rr =
WH ΛX, where Λ is the same SVD diagonal matrix of H,
whereas W and X are unitary matrices defined by the following
Givens rotations [18], [19]
L
L 


FTli (ψli )

(15)

i=1 l=i+1

where
⎡

Ii−1
⎢ 0
⎢
Fli (ψli ) = ⎢ 0
⎣
0
0

0
cos (ψli )
0
− sin (ψli )
0

0
0
Il−i−1
0
0

0
sin (ψli )
0
cos (ψli )
0

0
0
0
0

⎤
⎥
⎥
⎥
⎦

IL−1

and the product Fli (ψli )x represents a counterclockwise rotation of vector x in the (l, i) plane of ψli radians. Ii−1 and IL−1
in (15) are identity matrices with i − 1 and L − 1 dimensions,
respectively.
From this point onward, for simplicity of illustration, we
consider L = 2. This gives


r 0 Δ
= WH ΛX
(16)
Rr =
z1 z2
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where Λ is the SVD diagonal matrix of H, and based on (15),
we can write W and X as



 ∗
c s
b∗
a
, X=
(17)
W=
−s c
−b∗ a∗
√
where ∗ denotes complex conjugates |b| = 1 − a2 and |s| =
√
1 − c2 . As a result, r, z1 , and z2 can be expanded in terms of
a, b, c, s, λ1 , and λ2 , i.e.,



r
z1
r
z1

Rr = WH ΛX
  ∗
H 


a
λ1 0
c s
b∗
0
=
−s c
z2
−b∗ a∗
0 λ2
 

0
acλ1 + bsλ2 asλ1 − bcλ2
=
.
(18)
z2
bcλ1 − asλ2 bsλ1 + acλ2

By prescribing a value of r, the values of a and c can be
obtained from the first row of (18) after substituting b and
s from (17); then, W and X can be determined from the
following:
acλ1 + bsλ2 = r,

asλ1 − bcλ2 = 0.

(19)

The values of z1 and z2 can be found from the following after
a and c are determined:
z1 = bcλ1 − asλ2 ,

z2 = bsλ1 + acλ2 .

(20)

Next, by substituting Λ = WRr XH into the SVD for H,
we have
H = UΛVH = UWRr XH VH
= (UW)Rr (VX)H = Pr Rr QH
r .

(21)

Since U, W, V, and X are unitary, Pr and Qr are also unitary.
B. Generating Multiple Unitary Matrices Pr and Qr
To generate multiple Pr and Qr matrices, we introduce a
phase rotation matrix Mθ to the SVD of H in (21). Mθ is a
diagonal matrix whose elements have unity gain, as shown in
the following:
 jθ

e 1
0
(22)
Mθ =
0
ejθ2
where θ1 and θ2 are direction parameters of any value from 0 to
H
2π. Since Mθ ΛMH
θ = Λ, the inclusion of Mθ and Mθ into
(21) does not change the value of Rr , and (21) becomes
H
H = UMθ ΛMH
θ V
H
= UMθ (WRr XH )MH
θ V

= (UMθ W)Rr (VMθ X)H
= Pθ, r Rr QH
θ, r .

(23)

From (23), it is clear that the values of Pθ, r and Qθ, r change
with the values of θ1 and θ2 in Mθ and r in Rr . Moreover,
since U, W, V, X, Mθ , and MH
θ are unitary matrices, Pθ, r
and Qθ, r are also unitary matrices. If H is not a square matrix,
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With the use of Mθ , the exact “phase” of the second eigenvector becomes unimportant. This is because under GMUD
decomposition, both Mθ and the second eigenvector will generate the same cone in Fig. 3. This property leads to further
reduction of the amount of required channel feedback (as only
the principal eigenvector is required) in GMUD precoding
systems, which is shown later.
IV. P RECODING BASED ON G ENERALIZED
M ULTI -U NITARY D ECOMPOSITION
Considering the scenario where the base station uses NT
transmit antennas to send K data streams to K users, we have
one data stream per user, each with NR receive antennas. The
received signal per user is given in (1), and each user channel
Hk can be decomposed using GMUD into
Fig. 3. Principal and second eigenvectors of SVD, arbitrary vectors generated
from the principal eigenvector, and the first column vectors of the unitary matrix
Qθ, r of GMUD with different Mi . The (1, 1) element of the first column
vector of Qθ, r matrix is made to be real by lumping the phase into the R
matrices. The three axes are used to represent the real part of the (1, 1) element,
and the real and imaginary parts of the (2, 1) element of the first column vector
of the Qθ, r matrix. With the same r, different θi1 or θi2 produces different
vectors in Qθ, r , which form a cone whose center is the principal eigenvector
of SVD.

the dimensions of matrices Pθ, r and Qθ, r will be different. For
example, let the number of rows and columns of H be denoted
as hr and hc , respectively; then, Pθ, r and Qθ, r will be hr × hr
and hc × hc , respectively [20].
GMUD is a generalized decomposition method that includes
SVD, GMD, and GTD as special cases with specific Rr and
Mθ matrices. In the special case where θ in M is zero, GMUD
reduces to GTD. Both GTD and GMUD allow the user to
prescribe the diagonal values of the Rr matrices, but GTD
only produces a pair of unitary matrices for a given channel H,
whereas GMUD, with different Mθ matrices, produces multiple pairs of unitary matrices for a given channel H. We will
show later that this is useful for multi-user MIMO precoding
because each orthonormal vector in the unitary matrices can
represent one precoding vector for a user, and the GMUD
precoding vectors for different users can be steered in some
optimal manner.
C. Geometrical Interpretation of GMUD
Fig. 3 shows the characteristics of multiple Pθ, r ’s and
Qθ, r ’s plotted on a uniform 3-D sphere with equal axes, where
it shows the principal eigenvector and the possible first column
vector of the matrix Qθ, r , obtained using θ1 ranging from
0 to 2π. As shown in Fig. 3, they form a cone surrounding
the principal eigenvector. The value of r(λR < r < λ1 ) varies
inversely with the radius of the cone, i.e., the closer the value of
r to the largest singular value λ1 , the smaller the cone radius. In
Fig. 3, the lines with square markers represent GMUD vectors
with a smaller r = 0.75λ1 , whereas the lines with cross markers
represent GMUD vectors with larger r = 0.95λ1 . When r takes
its largest value at λ1 , the first column vector of Qθ, r becomes
the principal eigenvector.

Hk = Pθk , rk Rrk (Qθk , rk )H

(24)

where multiple pairs of Pθ, r and Qθ, r matrices can be generated using (23).
The precoding matrix G at the transmitter is formed by a collection of precoding vectors, i.e., gk for the kth user, as follows:
···

G = [g1

gk

···

gK ].

(25)

In this paper, we assign the first column vector of Qθk , rk ,
i.e., q1, θk , rk , as the precoding vector gk . The availability of
multiple Qθk , rk generated from GMUD is important because
the base station can steer the precoding vectors of different
users to optimize certain performance criteria. By changing
the “magnitude parameter” rk and “direction parameter” θk ,
different beamforming vectors “pointing” at different directions
with different amplitudes can be obtained.
From (23), for user k, we have
Q θ k , rk = V
 k Mθ k X
q1, θk , rk
=

···

qK,θk ,rk


(26)

gk

where q1, θk , rk –qK,θk ,rk are the column vectors of Qθk , rk , and
the first subscript denotes the column position.
In the case of K = 2, we denote the two users as user k and
user l; the precoding matrix G used at the transmitter will have
two vectors
G = [gk

gl ] = [q1, θk , rk

q1, θl , rl ]

(27)

where gk and gl are the first column vectors of Qθ, r of user
k and l, respectively. As explained in Section II-C, G will be
optimized to minimize the sum of per user’s inverse SINR.
From (23), for the user k
Qθk , rk = VM


 θk X   jθ
e k
c s
v11 v12
0
=
−s c 
0
ej0
 v21 jθv22
k
v11 e c − v12 s v11 ejθk s + v12 c
=
v ejθk c − v22 s v21 ejθk s + v22 c
 21

q1, θk , rk q2,θk ,rk
=
gk

(28)
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the phase of the last eigenvector is not important to GMUD
precoding as explained in Section III-C, hence for the
2 × 2 case, only the principal eigenvector vk,1 is needed. The
transmitter at the base station then makes use of vk,1 to generate
an arbitrary second eigenvector ṽk,2 , which is orthogonal to
vk,1 , as it is not important in the optimization.
The precoding matrix vectors for the users k and l are,
respectively
gk = q1, θk , rk ,

gl = q1, θl , rl .

(29)

Combining (1), (24), and (27), the signal received by the user k
becomes
Gu
yk = Pθk , rk Rrk (Qθk , rk )H √ + nk
γ
 
 H
q1, θk , rk
1
uk
= √ Pθk , rk Rrk
g
]
[
g
+ nk
k
l
H
ul
q
γ
2,θk ,rk
 H

q1, θk , rk gk uk + qH
1
1, θk , rk gl ul
= √ Pθk , rk Rrk
+ nk
H
qH
γ
2,θk ,rk gk uk + q2,θk ,rk gl ul
(30)
where γ = Gu2 is used to normalize the power of the
transmitted signal.
Since Rrk has a special form shown in (13) and (14), and
H
qH
1, θk , rk gk = 1 and q2,θk ,rk gk = 0, (30) can be reduced to

 
H
H
1
yk = √ Pθk , rk rk q1, θk , rk gk uk + q1, θk , rk gl ul + nk
γ
ε

 
H
1
u
+
q
g
u
r
k
k
l
l
1, θk , rk
+ nk
= √ Pθk , rk
(31)
γ
ε

For the case of two users, the given expression reduces to

2
 + σ 2 γ/|rk |2
G = arg min qH
1, θk , rk q1, θl , rl
rk , rl , θ k , θ l


2
 + σ 2 γ/|rl |2
+ q H
1, θl , rl q1, θk , rk
s.t. λ1, k > rk > λL, k , −π ≥ θi ≥ π,
λ1, l > rl > λL, l , −π ≥ θi ≥ π

G=

arg min

r1 ···rK ,θ1 ···θK

K


(SINRk )

−1

⎛

⎞−1

k=1

⎜
⎟
K⎜
⎟

|rk |2
⎜
⎟
= arg min
⎜
⎟


K
2
⎜
⎟

r1 ···rK ,θ1 ···θK
 H

k=1⎝|r |2
q1, θk , rk q1,θj ,rj  +σ 2 γ⎠
k
j=1
j=k

=

arg min

K

 H
q1, θ

r1 ···rK ,θ1 ···θK j=1
j=k

k , rk

2 σ 2 γ
q1,θj ,rj  +
.
|rk |2

(32)

(33)

where (λ1, k , λL, k ) and (λ1, l , λL, l ) are the largest and smallest
singular values of Hk and Hl , respectively.
The magnitude parameters rk and rl determine the channel
gains received by users k and l, respectively; however a larger r
results in a smaller cone and less direction steering possibilities
(see Fig. 3).
Since λR, k < rk < λ1, k [see (13)], the optimization range
of rk for the user k depends on the spread of the channel singular values (λ1, k − λL, k ), which may be different for different
users, leading to unequal performance among the users. To
address this problem, we apply suitable power loading weights
βk and βl , with values between 0 and 1, to scale gk and gl ,
respectively. The final precoding matrix G hence becomes
G = [βk gk

βl gl ]

(34)

and the corresponding cost function becomes
⎛ 
2

2 H
q
β
q
σ2 γ
⎜ l 1, θk , rk 1, θl , rl 
G=
arg min
+
⎝
βk2
βk2 |rk |2
rk ,rl , θk , θl , βk , βl

+
H
where ε = z21, k uk + (z21, k qH
1, θk , rk gl + z22, k q2,θk ,rk gk )ul ,
z21, k , and z22, k are the elements of Rrk from (18)–(20),
respectively. To detect the information symbol uk , the user k
can either use a zero-forcing receiver or an MMSE receiver.
In this paper, we are using an MMSE receiver as it has been
shown to be optimum for a MIMO system for any precoding
matrix [11].
√
In (31), the useful signal and interference terms are rk uk / γ
√
and rk qH
1, θk , rk gl ul / γ, respectively. To reduce the BER,
the interference terms can be minimized by making q1, θk , rk
and gl (gl = q1, θl , rl ) as orthogonal to each other as possible
while taking the noise term nk and normalization constant γ
into account. We apply the same optimality criteria used in
regularized-inverse precoding to optimize G as follows:
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2


βk2 qH
q
1, θl , rl 1, θk , rk 
βl2

⎞
2

+

σ γ ⎟
⎠
βl2 |rl |2

s.t. λ1, k > rk > λL, k , −π ≥ θi ≥ π, λ1, l > rl > λL, l ,
(35)
− π ≥ θi ≥ π, 1 ≥ βk ≥ 0, 1 ≥ βl ≥ 0.
The expected receiver output for user k can be written as

√
ηk = βk rk βl rk qH
γnk
(36)
1, rk , θk q1, rl , θl u +
and the normalized ouput is given as

ηk = 1
= υu +

βl q∗
q
k l
βk

√

u+

γ
nk .
βk rk

√

γ
nk
βk rk
(37)

The expected values of η k becomes
! √
 "
 γ 2
 2


2
E η k = E υu + E 
nk 
rk
γ
= E(υuuH υ H ) +
σ2
|βk rk |2
γ
= υυ H +
σ2
2
|β
r
|
k
k



βl H
γ
1
= 1
q ql
σ2
+
βl H
q
q
k
βk k
|βk rk |2
βk l
 2
 βl 
γ
2
= 1 +   qH
+
σ2
(38)
k ql
βk
|βk rk |2
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and the resultant normalized SINR becomes
SINRk =  2
 βl 
 βk  q H
k ql
=

1
2

+

γ
2
|βk rk |2 σ

|βk |2
|βl |2 qH
k ql

2

+

γ
2
|rk |2 σ

.

(39)

Note that, in the given optimization process, the SVD left
eigenvectors U in (23) are not needed. This shows that the
proposed GMUD precoding only requires partial CSI feedback,
in contrast with regularized-inverse precoding, which requires
full CSI feedback of the U, V, and singular values. For GMUD
precoding with two transmit antennas at the base station and
two receive antennas per user, the feedback channel can be
modeled as


δ
0
(40)
[ ν 1 ν 2 ]H .
H = UΛVH = U 1
0 δ2
The users only send back the singular values (denoted as δ1 and
δ2 ) and the principal eigenvector (denoted as ν 1 ). The second
eigenvector ν 2 is not fed back, but since ν 2 is normal to ν 1 ,
the base station can generate an arbitrary second eigenvector ν̃ 2
based on the principal eigenvector ν 1 using Givens rotation, as
shown in the following.
The principal eigenvector ν 1 can be characterized as
ν 1 = [cos φ1

− sin φ1 exp(jφ2 )]T .

(41)

An arbitrary second eigenvector vector ν̃ 2 , which is normal to
ν 1 , can be formed as
ν̃ 2 = exp(jϕ) [sin φ1

cos φ1 exp(jφ2 )]T

ν̃ 2 ].

(43)

The steering matrix Mθ will still find the optimum first column
vector q1, θ, r used to form the precoding matrix G in (32) and
(35), although a different arbitrary matrix Ṽ is used in place of
the actual V at the precoder.
The geometrical relationship between ν 1 , ν 2 , and ν̃ 2 is
shown in Fig. 3. The arbitrary second eigenvectors, including
the actual second eigenvector, form a plane normal to the
principal eigenvector of SVD. For a general n × n case, by
using the definition of the Givens rotations in [19], we need
n − 1 eigenvectors, and the last arbitrary eigenvector can be
calculated from the n − 1 eigenvectors.
V. S IMULATION R ESULTS
With finite feedback channel resource, it is desirable to use a
precoding scheme that requires less CSI and is robust to CSI
quantization. Here, the BER performance and CSI resource
requirement of a MIMO system using the proposed regularizedinverse precoding with antenna selection (see Section II-B and
2 The

value of ϕ of the exact second eigenvector is either 0 or π

C), and the proposed GMUD precoding with power loading
(see Section IV) are compared with the SVD precoding scheme.
The MIMO base station is equipped with either two or three
transmit antennas. It serves each user with one data stream.
All users have two or three receive antennas each. All users
are allocated equal data rates, and their signals are transmitted simultaneously. All the simulation results (which includes
finding the optimized G in this paper) are obtained using
Matlab simulation software and its optimization toolbox with
the fmincon solver.

(42)

where ϕ can take any value from 0 to 2π.2 Finally, the arbitrary
matrix Ṽ is formed as follows:
Ṽ = [ν 1

Fig. 4. Probability of bit error of a two-user MIMO system (a base station
with two transmit antennas and two users with two receive antennas each)
applying various precoding schemes with an MMSE receiver. “pl” denotes
power loading.

A. GMUD Precoding With Power Loading Versus Without
Power Loading
We first show the impact of power loading in (34) on the
precoding optimization in (35). These weights compensate for
the difference between the channel gains of different users,
which are determined by the magnitude parameter r in (16).
Fig. 4 compares the BER of the various precoding schemes
in a Rayleigh flat-fading downlink channel with an equal SNR.
It shows that the proposed GMUD precoding with power
loading [see (35)] performs better than without power loading
[see (33)]. Furthermore, for 16-quadratic-amplitude modulation
(QAM) transmission at BER = 10−3 , GMUD precoding with
power loading has a performance gain of 8.8 dB over the
conventional regularized-inverse precoding and much better
than the SVD beamforming. The SVD beamforming precoder
is generated by using the principal eigenvectors of the users
with optimized power loading. Similar observations can be
made for the QPSK results. Therefore, in the following, we will
only consider GMUD with power loading.
In Fig. 5, we compare the BER of the GMUD and
regularized-inverse precoding in a three-user MIMO system
with three transmit antennas at the base station and three receive
antennas per user. All the users are allocated equal rates, and
the information is transmitted simultaneously from the three
transmit antenna at the base station.
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TABLE I
A LLOCATION OF 12N B ITS FOR CSI F EEDBACK FOR D IFFERENT
P RECODING S CHEMES ( FOR T WO U SERS )

Fig. 5. Probability of bit error of a three-user MIMO system (a base station
with three transmit antennas and three users with three receive antennas each)
applying various precoding schemes with an MMSE receiver.

B. GMUD Precoding Versus Regularized-Inverse Precoding
With Antenna Selection
Here, we compare the two proposed schemes, i.e.,
regularized-inverse precoding with optimal antenna selection
and GMUD precoding, with CSI quantization. To quantify the
amount of CSI feedback across different precoding schemes,
we view the channel coefficient between a transmit antenna and
a receive antenna as an element in the channel matrix H. For
the case of regularized-inverse precoding, the channel H can
be represented in the form of
⎤ ⎡
⎤ ⎡ νT ⎤
⎡
δ1 0
0
h1
1
⎢ .. ⎥
.
⎦
(44)
H = ⎣ .. ⎦ = ⎣ 0 . . .
⎣
0
. ⎦
hNT

0

0

δNT

νT
NT

where δ are normalization constants (norm of the vectors)
for the respective h, and ν are the resultant unit vectors,
respectively. To feedback H, the users need to send back all
the unit vectors and their normalization constants. However,
the normalized H is not a unitary matrix. Alternatively, the
users can feedback the singular values and the right and left
eigenvectors after performing SVD to channel H. For the case
of GMUD precoding, the users only send back the singular
values and the right eigenvectors, and not the left eigenvectors.
The feedback can be further reduced to the singular values and
the principal eigenvector when the channel dimension is 2 by 2,
as explained in Section IV.
Considering each of the real and imaginary parts of δ and
every element of ν as a scalar element, the total number
of scalar CSI elements required to be fed back by different
precoding schemes is compared in Table I. It shows that the
GMUD precoding needs to feed back less scalar elements than
the regularized-inverse precoding with antenna selection. This
saving will be significant when the number of transmit and
receive antennas are large.
To facilitate a fair BER comparison of different precoding
schemes under the effect of CSI quantization, we allocate

Fig. 6. Probability of bit error of a two-user MIMO system with quantized
CSI for precoding and an MMSE receiver for detection (a base station with two
transmit antennas and two users with two receive antennas each).

the same amount of feedback bits to all precoding schemes.
Specifically, we use a total of 12N bits to quantize all the
necessary CSI elements, where N is an integer. For regularizedinverse precoding with two-antenna selection, 12N bits in total
correspond to 2N and N bits for each δ and each scalar element
of ν, respectively. For GMUD precoding, 12N bits in total
correspond to 2N bits for each CSI element.
The Rayleigh flat-fading BER performance (for a two-user
scenario) of the two proposed precoding schemes with perfect
feedback and quantized feedback are shown in Fig. 6 for
both QPSK and 16-QAM transmissions. The required SNR in
decibels to achieve BER = 10−3 by the two precoding schemes
with different amount of CSI quantization feedback are shown
in Table II. For the case of perfect CSI, it is noted that the
regularized-inverse precoding with antenna selection scheme
performs better than the GMUD scheme. However, with increasing CSI quantization (quantified by decreasing the total
CSI feedback bits from ∞ to 48, 36, and 24 bits), the performance of regularized-inverse precoding deteriorates rapidly.
For example, Table II shows that the performance of two-user
regularized-inverse 16-QAM precoding with 48 feedback bits
(N = 4) used requires an SNR of 22.4 dB at BER = 10−3 ,
i.e., an increase of 1.55 dB from the perfect CSI case. This
SNR penalty increases to 5.05 dB when 36 bits (N = 3) is
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TABLE II
R EQUIRED SNR TO ACHIEVE BER = 10−3 OF D IFFERENT P RECODING
S CHEMES W ITH Q UANTIZED CSI (U SING THE MMSE R ECEIVER )

Fig. 8. Probability of bit error of a four-user MIMO system with quantized
CSI for precoding and an MMSE receiver for detection (a base station with
four transmit antennas and four users with two receive antennas each).

Fig. 7. Probability of bit error of a three-user MIMO system with quantized
CSI for precoding and an MMSE receiver for detection (a base station with
three transmit antennas and three users with three receive antennas each).

used. Eventually, a very high error floor occurs when 24 bits
(or N = 2) are used. In sharp contrast, the GMUD precoding
performance does not vary much with CSI quantization. Even
when only two bits per CSI element are used (corresponding to
24 total quantization bits), the required SNR to attain BER =
10−3 only increases by 0.44 dB compared with the unquantized
CSI case. All in all, they show that GMUD precoding is much
more insensitive to CSI quantization.
Next, the quantized CSI simulations are extended to a threeuser MIMO system with three transmit antennas at the base
station and three receive antennas per user in Fig. 7, using
the same simulation parameters as in Fig. 6. All the users are
allocated equal rates, and information is transmitted simultaneously from all three transmit antennas at the base station.
Once again, the results show that the GMUD precoding system
performance is highly robust, whereas the regularized-inverse
precoding performance is highly sensitive to CSI quantization.
Similar results can be observed for a four-user MIMO system
with two transmit antennas at the base station and three receive
antennas per user in Fig. 8.
The remarkable robustness of GMUD precoding to CSI
quantization can be explained as follows. Recall that GMUD

precoding uses the singular values and the first eigenvector of
the MIMO channel per user. The singular values define the
range of r in (14), which is subsequently used for the precoding
matrix optimization in (33) or (35). When these singular values
become less accurate due to quantization, it affects the search
range of r but does not directly affect the optimization outcome.
On the other hand, when the first eigenvector of a user becomes
more quantized, it shifts the center of the search space for that
user (the cones in Fig. 3). This may result in a smaller overall
optimization search space for all users but again may not lead
to incorrect optimization outcomes. As a result, the GMUD
precoder in (33) or (35) may still be able to find near-optimal
precoding vectors for all users. Moreover, as GMUD precoding
requires fewer CSI elements to be fed back, more quantization
bits per CSI element are available to GMUD precoding.
Regularized-inverse precoding outperforms GMUD precoding where there are large amounts of feedback. However, when
the feedback becomes limited, GMUD precoding shows its
robustness and lack of sensitivity to CSI quantization. In the
scenario where the base station can afford higher complexity
and the feedback bandwidth is limited, GMUD precoding is the
preferred solution over regularized-inverse precoding.

VI. C ONCLUSION
In this paper, we presented two precoding techniques for
MIMO-BCs with multiple receive antennas per user. The first
precoding technique performs receive antenna selection based
on regularized-inverse precoding. The second technique is
based on a new MIMO channel decomposition method called
GMUD. GMUD decomposes complex matrix H into H =
Pθ, r Rr QH
θ, r , where Rr is a special matrix whose first row
contains a nonzero value only at the leftmost position, and
Pθ, r and Qθ, r are a pair of unitary matrices. A unique feature
of GMUD is that it gives multiple solutions of the unitary
Pθ, r and Qθ, r matrices, which present additional flexibility for
precoder optimization.
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We show that, although the regularized-inverse precoding
with antenna selection performs well, it requires full CSI feedback and is very sensitive to CSI quantization. On the other
hand, the GMUD precoding requires only partial CSI feedback
(minus left eigenvectors of the user channels) and is robust
against CSI quantization. Simulation results show, that with
16-QAM modulation and MMSE detection, the required
Eb /No at BER = 10−3 for two-user and three-user GMUD
precoding systems varies by less than 3 and 4 dB, respectively,
when the CSI varies from unquantized to 4-bit quantization per
scalar channel coefficient.
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